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Abstract
Scaling properties of a self-dual field-theoretical model, describing two
weakly coupled spinless Luttinger chains, are studied. A crossover to a
sine-Gordon massive phase, with strongly developed two-particle interchain
correlations, is described. It is argued that, in a wide range of the in-
chain interaction, renormalization of the interchain hopping amplitude is
determined by the Luttinger liquid effects.
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1. Anderson suggested that in an array of weakly coupled chains a single-
fermion interchain hopping (t⊥) may be irrelevant (Anderson’s confinement) [1],
implying the possibility of a Luttinger liquid (LL) behavior of higher-dimensional
(d > 1) strongly correlated electron systems [2]. The issue of Anderson’s confine-
ment, which is indeed a rather complicated problem even for chains with spinless
fermions, has attracted much interest [1, 3 - 8].
Two opposite tendencies, associated with single-particle and two-particle cor-
relations, characterize the low-energy behavior of a multi-chain system. On in-
creasing the in-chain interaction g, the renormalized single particle hopping am-
plitude, being a measure of coherent delocalization of the particles between the
chains, gets gradually suppressed due to infrared catastrophe [6]. In the spin-
ful case this suppression is also contributed by the charge-spin separation [1].
At least in continuum models with a linear spectrum, such a tendency even-
tually leads to deconfinement-confinement transitions when the interaction be-
comes large enough [3,5,6]. On the other hand, depending on the sign of g, either
particle-hole (ph) or particle-particle (pp) interchain hoppings are generated in
the second order in t⊥ [9,10]. These two-particle processes, with amplitudes in-
creasing with |g|, inevitably drive the system away from the LL fixed point to
strong-coupling, massive phases characterized by density-wave or pairing fluctu-
ations, strongly correlated in the transverse direction [4 - 6].
Thus, the problem one faces when studying scaling properties of the two-
chain system is the interplay between single-particle interchain hopping and two-
particle correlations, described by two relevant operators with different critical
dimensions. Understanding of this interplay is especially important at such values
of |g|, when the two-particle hopping becomes the most relevant perturbation. It
is not a priori clear what is the role of a large mass gap, generated by two-particle
processes, in the renormalization of t⊥. It is well known that such a mass gap
could give rise to a finite threshold for a perturbation having the same scaling
dimension as that of t⊥. Such a situation occurs in 1d Fermi systems with attrac-
tive interaction in a magnetic field [11], or in ”commensurate-incommensurate”
transitions [12], described by the sine-Gordon model with a finite density of topo-
logical charge. Therefore, a question arises: Is it the LL ”infrared catastrophe”
or the two-particle mass gap which mostly determines renormalization of t⊥ ? Is
there any finite threshold for t⊥, or not ?
Motivated by these questions, we analyze scaling properties of a self-dual field-
theoretical model, recently proposed [6] to describe two weakly coupled spinless
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Luttinger chains. The model naturally incorporates both the development of
single-fermion confinement and interchain pair coherence. This was demonstrated
in [6] by using an equivalent representation of the theory in terms of a 2d Coulomb
gas of charge-monopole composites. We show that, on decreasing the energy scale,
the two-chain system scales down to a non-Luttinger, massive phase with strong
interchain correlations, effectively described by a sine-Gordon model. At weak
interaction, when t⊥ is the most relevant perturbation, such a crossover occurs
via formation of intermediate two-band LL, with a finite Zeeman-like interband
splitting. Among possible ground states of the two-chain system, we indicate the
orbital aniferromagnet phase, previously discussed by two of us [13]. Specifically,
this type of ordering occurs due to interchain forward scattering.
At larger interaction, when the two-particle hopping dominates over the single-
fermion one, the two-band LL regime is absent. Yet, we find no threshold for t⊥
and argue that t⊥ is mostly renormalized by pure LL screening effects. This con-
clusion is supported by using a relationship with spin-chain models.
2. We consider the following model of two spinless Luttinger chains with a
weak single-particle interchain hopping:
H =
∑
µ
∫
dx[−ivF (ψ+1µ∂xψ1µ − ψ+2µ∂xψ2µ) + pivF (gρ1µρ2µ + g
′
ρ1µρ2,−µ)]
+ t⊥
∑
µ
∫
dx(ψ+1µψ1,−µ + ψ
+
2µψ2,−µ) (1)
where vF is the Fermi velocity, µ = ±1 is the chain index, ψ1µ and ψ2µ are
the Fermi fields for right-movers and left-movers, respectively, and ρjµ(x) = :
ψ+jµ(x)ψjµ(x) : are the density operators. g and g
′
are dimensionless coupling con-
stants characterizing the in-chain and interchain forward scattering, respectively.
Using the standard Abelian bosonization, we transform the original problem of
Fermi fields to a purely bosonic one, HB = H
0
ρ +Hσ where H
0
ρ is a Tomonaga-
Luttinger Hamiltonian describing gapless excitations of the total (or ”charge”)
density, ρj = (1/
√
2)
∑
µ ρjµ, which decouple from the rest of the spectrum. All
nontrivial effects caused by the interchain hopping t⊥ are incorporated in the
”spin” part of the Hamiltonian Hσ = H
0
σ +H⊥ which deals with relative degrees
of freedom, σj = (1/
√
2)
∑
µ µρjµ. The coupling constants emerging in the ρ- amd
σ-channels are, respectively, gρ,σ = g ± g′. As shown in [6], Hσ is given by the
following field-theoretical model
Hσ =
∫
dx[
u
2
(P 2 + (∂xφ)
2) +
2t⊥
piα
cos(
1
2
γφ)cos(
1
2
γ˜φ˜)] (2)
3
Here φ(x) and P (x) are a scalar field and its conjugate momentum, respec-
tively, with a canonical commutation relation [φ(x, t), P (x
′
, t)] = iδ(x−x′), u =
vF (1 − 14g2σ)1/2 is the renormalized velocity, φ˜(x) is a field dual to φ(x), defined
as ∂xφ˜(x) = P (x), and
γ2
8pi
=
8pi
γ˜
≡ K = (1− gσ/2)1/2(1 + gσ/2)−1/2 (3)
The fields φ and φ˜ are related to the ”spin” density and current: σ1 + σ2 =
(γ/
√
8pi)∂xφ, σ1−σ2 = −(γ˜/
√
8pi)∂xφ˜. The model (2) is self-dual: Hσ is invariant
under transformations φ↔ φ˜ (gσ → −gσ), γ ↔ γ˜.
The perturbation term in (2) has critical dimension ∆ = 1
2
(K + K˜) [3] and,
hence, is relevant when ∆ < 2. This inequality corresponds to the interval K− <
K < K+, where the points K± = 2 ±
√
3 mark the boundaries between the
confinement and deconfinement phases [6]. As follows from the Coulomb gas
representation of the model (2) [6], the single-particle confinement originates
from pairing of the charge-monopole composites with zero total ”electric” and
”magnetic” charges. On the other hand, binding of composites in pairs with
total ”magnetic” or ”electric” charge ±2 is described by two operators
Oph = (ψ
+
1µψ1,−µ)(ψ
+
2,−µψ2µ)→ −
1
2(piα)2
cos γφ, (4)
Opp = (ψ
+
1µψ1,−µ)(ψ
+
2µψ2,−µ)→ −
1
2(piα)2
cos γ˜φ˜ (5)
associated with interchain particle-hole ( ph) and particle-particle (pp) hoppings,
respectively. These two-particle processes, although absent in the initial Hamil-
tonian (2), are generated upon renormalization. The critical dimensions of oper-
ators (4) and (5) are, respectively, 2K and 1/2K. So, at any K 6= 1 (gσ 6= 0),
one of these operators is always relevant. Therefore, the two-particle hopping
processes must be included into renormalization scheme [10,14].
At the l-th step of the renormalization procedure (l can be identified as a
continuous logarithmic variable l = ln(α/α0) or l = ln(Λ/|ω|)), the Hamiltonian
density takes the form
Hl(x) =
ul
2
(
P 2 + (∂xφ)
2
)
+
4ulτl
α2
cos(
1
2
γlφ) cos(
1
2
γ˜lφ˜)
− 2piul
(2piα)2
(
Gl cos(γlφ) + G˜l cos(γ˜lφ˜)
)
(6)
where γl = 8pi/γ˜l is given by formula (3), in which gσ is replaced by zl; τl =
t⊥(l)α/2piul is a renormalized dimensionless single-fermion hopping amplitude.
4
The parameters of the Hamiltonian Hl are determined from the following
renormalization-group equations 2
τ
′
l = (2−∆l)τl (7)
G
′
l = 2(1−Kl)Gl + (Kl − K˜l)τ 2l (8)
G˜
′
l = 2(1− K˜l)G˜l + (K˜l −Kl)τ 2l (9)
(ln K)
′
=
1
2
(K˜lG˜
2
l −KlG2l ) (10)
with initial conditions u0 = vF , K0 = K, G0 = G˜0 = 0, and K˜lKl = 1. The
upper prime indicates the derivative ∂/∂l. Equations (8) and (9) were given by
Yakovenko [14]. However, he did not consider renormalization of the coupling
constant gσ, Eq.(10), which, as will be shown below, is crucial for a weak inter-
action, when a crossover from a two-chain Luttinger liquid to a strong-coupling
low-energy regime is developed.
3. We consider first the case of a weak interaction, when one can set
Kl ≃ 1− 1
2
zl, K˜l ≃ 1 + 1
2
zl, ∆l = 1 + 0(z
2
l ). (11)
Solving Eq.(7), one determines the value of the variable l0 = ln(1/τ0) = ln(Λ/ω0),
at which τl becomes ∼ 1. This introduces a new energy scale to the problem - a
Zeeman-like splitting of two degenerate bands: ω0 ≃ Λτ0 ∼ t⊥.
In the region l ≤ l0, or ω0 < |ω| < Λ, zl is not renormalized (up to second-order
corrections in gσ), z(l0) = gσ, while the charges Gl and G˜l remain small:
Gl = −G˜l = −1
2
gστ
2
0 (e
2l − egl) ≃ −1
2
gστ
2
l (12)
To solve the renormalization-group equations in the low-energy region l ≥ l0,
we make use of a typical two-cutoff scaling prescription: understanding that at
l ∼ l0 renormalization of t⊥(l) is stopped, we choose the normalization condition
τl0 = 1 and drop the τ
2-terms in r.h.s. of Eqs.(8) and (9). Then we arrive at the
following set of equations in the region l ≥ l0:
z
′
= G2 − G˜2, G′ = zG, G˜′ = −zG˜ (13)
2There is one more equation, ζ
′
l = −4pi2(∆l + 1)τ2l , which describes renormalization of
the velocity: ul → ul(1 − ζl). This renormalization reduces to rescaling of K and K˜: K →
K(1− ζ2)−1/2, K˜ → K˜(1 − ζ2)1/2, which will be assumed everywhere below.
5
with the boundary conditions z(l0) = gσ, G(l0) = −G˜(l0) = −12gσ.
Eqs.(13) describe a Z4-symmetric model. Its 2d classical version is a planar
XY model in the presence of 4-fold degenerate symmetry breaking field [15,16].
Such a model is also equivalent to a version of the backscattering model of 1d
fermions [17] extended to include spin-nonconserving processes [18]. We recognize
a field-theoretical version of this model in (6) when t⊥ is dropped. At l = l0 this
model reads
Hl0 =
vF
2
(
P 2 + (∂xφ)
2
)
+
pivF gσ
(2piα)2
(cos γφ− cos γ˜φ˜) (14)
Note that, in Eq.(14) amplitudes of the cosines coincide. This reflects the
”hidden” U(1) symmetry of the model (14) which brings it to the sine-Gordon
(SG) universality class, corresponding to a critical plane of the Z4-model [19].
This is directly seen from the solution of Eqs.(13). Introducing linear combina-
tions G± = G ± G˜ and taking into account boundary conditions at l = l0, one
finds that, at all l > l0, z = −G−, thus reducing Eqs.(13) to a pair of Kosterlitz-
Thouless equations for the SG model: G
′
+ = −G2−, G′− = −G+G−. The
conditions G+(l0) = 0, G−(l0) = −gσ define a scaling trajectory with the initial
point lying on the vertical axis of the standard Kosterlitz-Thouless phase plane,
(G+, |G−|). Therefore, for any sign of gσ, a strong-coupling regime develops in
the infrared limit. The dynamically generated mass gap
M ≃ t⊥ exp(−pi/2|gσ|) << t⊥ (15)
signals the onset of strong interchain two-particle correlations. The fact that the
mass does not depends on the sign of gσ is related to self-dual symmetry of the
model.
4. Let us consider our model in the new basis which is built up from sym-
metric and antisymmetric states Ψj,± = (±ψj,+ + ψj,−)/
√
2. In the absence of
the interchain hopping, two bands associated with these states are degenerate.
The degeneracy is removed by interchain hopping, and the resulting Zeeman-like
splitting of the two bands is a measure of coherent delocalization of fermions
between the chains.
When the chain index is formally treated as a spin-1/2 variable, the interchain
hopping term of the Hamiltonian turns to Zeeman interaction with a magnetic
field 2t⊥ along the x-axis. In the new basis of states, which is obtained by a pi/2 -
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rotation about the y-axis in ”spin” space, the magnetic field is oriented along the
z-axis, and the splitting of the bands is determined by ”magnetization” < Sz >.
The pi/2 - rotation of the basis has no effect on the ”charge” degrees of freedom.
However, it produces the following changes in the σ-channel:
Oph,pp→ σ1σ2 ± 1
2
(Oph − Opp), σ1σ2 → 1
2
(Oph +Opp) (16)
Quantities in the r.h.s. of (16) now have a different meaning: σj is a difference
between the particle densities in each of the bands, while the operators Oph and
Opp describe interband pair-hopping processes
Making use of (16), we transform the two-chain Hamiltonian (6) to a two −
band one:
H
′
l =
ul
2
(
Π2 + (∂xχ)
2
)
+
βltl
2pi
∂xχ+
2piul
(2piα)2
(
z⊥(l) cos(βlχ) + zf (l) cos(β˜lχ˜)
)
(17)
where
β2l
8pi
=
8pi
β˜2l
=

1− z‖(l)2
1 +
z‖(l)
2


1/2
, z‖(l) = Gl + G˜l
z⊥(l) =
1
2
(zl +Gl − G˜l), zf (l) = 1
2
(zl −Gl + G˜l) (18)
with initial conditions
z‖(0) = 0, z⊥(0) = zf(0) =
1
2
g. (19)
In Eq. (17) we recognize the above mentioned U(1) symmetric 1d Fermi-
gas model with backscattering (z⊥) and spin-nonconserving processes (zf ) in a
magnetic field along the z-axis [19]. At l ≤ l0 the effective couplings equal
z‖(l) = 0, z⊥(l) =
1
2
gσ(1− τ 2l ), zf(l) =
1
2
gσ(1 + τ
2
l ). (20)
One sees that, at energies |ω| ∼ t⊥ (l ∼ l0), splitting of the two bands (τl) tends
to suppress backscattering (or interband ph transitions, z⊥(l)), which is due to
nonconservation of the total momentum. The value of l0 in the two-cutoff scaling
is determined by condition z⊥(l) = 0.
The suppression of the z⊥-term breaks the tiny balance between the ampli-
tudes of the two cosines, which preserves a Tomonaga-Luttinger weak-coupling
behavior at t⊥ = 0, and results in a crossover to a SG model
H
′
l0
=
vF
2
(
Π˜2 + (∂xχ˜)
2
)
+
√
2
pi
tl0Π˜−
2pivF
(2piα)2
gσ cos(β˜0χ˜), (21)
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where β˜0 = β0 =
√
8pi. This model is written in terms of the dual field χ˜,
using the relationship ∂xχ = Π˜. Notice that tl0 is coupled to the momentum of
the sine-Gordon field χ˜. Then, by Galilean invariance, the term linear in Π˜ is
eliminated by a shift Π˜ = Π˜
′ − (√2tl0/
√
pivF ) and does not influence the scaling
properties of the system when the energy is further decreased in the region l > l0.
The remaining SG model is precisely the rotated version of Hl0 in (14). Since
< Π˜
′
>= 0, a response to the t⊥-perturbation, being just the magnetization of
the ”rotated” (the two-band) model, equals
< Sz >l=l0= −
√
2
pi
< ∂xχ >l=l0= −
√
2
pi
< Π˜ >l=l0=
2tl0
pivF
(22)
One has to take into account scale transformation of the coordinate x: (∂xχ)l=0 =
e−l0 (∂xχ)l=l0 . Then one finds that tl0 should be changed by t⊥ in (22) when true
response < Sz >l=0 is considered.
Since the 0(g2)-correction to ∆ was omitted, the obtained two-band splitting
coincides with that for the noninteracting fermions. It can be easily checked that
keeping such a correction is still within the main accuracy to which the above
renormalization treatment of the case |gσ| << 1 is valid. Then we obtain
< Sz >=
2t⊥
pivF
(
1− 1
8
g2σln
1
τ0
+ ...
)
. (23)
The strong-coupling regime developing in the low-energy region (|ω| ≤ ω0) is
related to ordering of the dual field χ˜. In terms of the original model (6), this
includes both possibilities for ordering of the field φ at gσ > 0 (ph hopping) and
the dual field φ˜ at gσ < 0 (pp hopping). The field χ remains disordered and,
therefore, is free to adjust itself to a finite ”magnetic field” 2t⊥, thus acquiring a
nonzero expectation value < ∂xχ >.
5. Let us clarify the symmetry of the ground state of the system, charac-
terized by ordering of the field χ˜. As follows from (21), its vacuum expectation
value depends on the sign of gσ: < χ˜ >= 0 at gσ > 0, and < χ˜ >= pi/2β˜0 at
gσ < 0. Therefore, when bosonizing various bilinears in Fermi fields to construct
order parameters in a ρ−σ factorized form, only those operators proportional to
cos(β˜0χ˜/2) or sin(β˜0χ˜/2) should be considered.
There are two pairs of competing states, with order parameters:
OCDW =
∑
σ
Ψ+1σΨ2,−σ =
∑
µ
µψ+1µψ2µ ∼ exp(−i
√
2piKρχρ) cos
1
2
β˜0χ˜, (24)
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OS1 =
∑
σ
Ψ1σΨ2σ =
∑
µ
ψ1µψ2µ ∼ exp(−i
√
2piK˜ρχ˜ρ) cos
1
2
β˜0χ˜, (25)
and
OS2 = i
∑
σ
σΨ1σΨ2σ = i
∑
µ
ψ1µψ2,−µ ∼ exp(−i
√
2piK˜ρχ˜ρ) sin
1
2
β˜0χ˜, (26)
OOAF = i
∑
σ
σΨ+1σΨ2,−σ = i
∑
µ
µψ+1µψ2,−µ ∼ exp(−i
√
2piKρχρ) sin
1
2
β˜0χ˜ (27)
Here the field χρ and its dual field χ˜ρ describe gapless fluctuations in the ρ-
channel, while Kρ ≃ 1− 12gρ and K˜ρ ≃ 1+ 12gρ (|gρ| << 1) are critical exponents
which determine power-law asymptotics of the corresponding correlation func-
tions. The order parameters (24) - (27) are given both in the two-band and two-
chain representations. These are two 1d charge-density waves with ”antiferromag-
netic” interchain ordering (CDW), the in-chain (S1) and interchain (S2) Cooper
pairings, and orbital antiferromagnetic state (OAF), characterized by nonzero
local currents circulating in the two-chain system with 2kF -periodicity [13]. The
operator (27) actually describes only transverse (interchain) currents. The al-
ternating longitudinal (in-chain) currents are easily shown to be proportional
to (∂xχ)OOAF ∼ (t⊥/t‖)OOAF , as it should be due to the current conservation
law. All operators, other than (24)-(27), characterize states with short-ranged
correlations, exponentially decaying at distances |x| > 1/M .
The dominant ordering among CDW and S1 at gσ > 0 and among S2 and
OAF at gσ < 0 is determined by the sign of gρ. The resulting phase diagram
is shown in Fig.1. It reflects the dual symmetry of the model: States OAF and
S2 are dual to CDW and S1, respectively, and transform to each other under
gσ → −gσ. Notice the important role of interchain forward scattering g′ which,
in addition to already known states [10,5], opens new possibilities for ordering of
the two-chain system, such as the OAF state [13]. More exotic phases, e.g. spin
nematic, are expected in the case of spin-1/2 particles.
6. At weak interaction the mass gap M , Eq.(15), characterizing strong inter-
chain two-particle correlations, is exponentially small compared to the interband
splitting ω0. The crossover from a two-chain LL (ω0 << |ω| << Λ) to a strong-
coupling, quasi-ordered phase (|ω| ≤ M) occurs via formation of a two-band LL
(M << |ω| << ω0). On increasing gσ, the difference between ω0 and M de-
creases, and at large enough interaction the two-band LL regime no longer exists.
In this case, one of the two-particle hopping amplitudes, Gl or G˜l, goes to strong
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coupling at such values of l, when τl is still small [14]. Questions which naturally
arise, are: Can a small Zeeman-like splitting of the two bands survive the presence
of a large mass gap M ? Is the mechanism of suppression of the single-particle
interchain hopping, caused by LL effects (infrared catastrophe), essentially mod-
ified by strongly developed pair-hopping processes ? These questions cannot be
answered by a simple comparison of rates of increase of Gl (or G˜l) and τ
2
l [14],
since such an oversimplified treatment neglects different physical origin of the two
relevant operators.
Let us assume for definiteness that gσ > 0) and consider the case K0 <
√
2−1,
when the rate of increase of Gl exceeds that of τ
2
l . Neglecting renormalization of
K, unimportant at large interaction, from Eqs.(7) - (9) we obtain
Gl ≃ − K0 − K˜0
2 +K0 − K˜0
τ 20 e
2(1−K0)l, G˜l ≃ K˜0 −K0
2 + K˜0 −K0
τ 2l (28)
We see that Gl is increasing in such a way, as if its initial value were ∼ τ 20 . The
mass gap is then estimated as
M ≃ Λ [C(K0)τ 20 ]
1
2(1−K0) (29)
where C(K0) is a positive (nonuniversal) number.
Note that Gl < 0. Moreover, after a few renormalizations, |Gl| >> G˜l. This
allows to estimate parameters of the ”rotated” Hamiltonian (17):
z‖(l) ≃ −|Gl|, z⊥(l) ≃ 1
2
(gl − |Gl|), zf(l) ≃ 1
2
(gl + |Gl|) (30)
Then we find that β2l defined by (18) is larger that 8pi and increases upon renor-
malization. This indicates irrelevance of cos βlχ and relevance of cos β˜lχ˜ in (17).
This is also in agreement with scaling behavior of the effective amplitudes z⊥(l)
and zf(l): the former increases upon renormalization, while the latter decreases.
These observations allow us to conclude that, even in the case when the in-
teraction is not small, the model (17) scales towards a strong-coupling regime
characterized by ordering of the dual field χ˜. Then, following arguments used in
sec.4, we expect the average magnetization < Sz > to be basically determined
by scaling equation (7); therefore the interband splitting is given by
ω0 ≃ Λτ
1
2−∆0
0 (31)
Of course, such estimations are valid up to some nonuniversal renormaliza-
tions, inevitable when interaction is not small. Nevertheless, it seems quite con-
vincing that a large mass gap, indicating strong interchain pair coherence, coexists
10
with a finite interband splitting. The relevance of the single-fermion hopping is
then mostly determined by the Luttinger critical dimension of the t⊥-perturbation
in the original two-chain Hamiltonian (2). Therefore the statement, made in
[6] concerning the Kosterlitz-Thouless-like nature of confinement-deconfinement
transitions, is basically correct.
The fact that the ”rotated” model (17) always shows ordering of the dual field
χ˜ is related to self-duality of the original model (2), still preserved when pair
hopping is taken into account. As a counter example, violating this property, one
could consider a two-chain model with interchain backscattering,
gbψ
+
1µψ
+
2,−µψ1,−µψ2µ ∼ gb cos(γφ)
which changes the initial condition for Gl: G0 = gb. Using the ”rotated” version
of the model, Eq.(17), and repeating the same analysis as that in sec.3 and 4, it
can be easily shown that, under certain conditions (gb < 0, 0 < gσ < |gb|), the
interchain backscattering drives the system to a new strong-coupling fixed point.
The latter is characterized by irrelevance of the dual field χ˜ and ordering of the
field χ, which describes two, ”ferromagnetically” correlated, charge-density waves
along the chains. This type of ordering does tend to suppress the effective single-
particle interchain hopping, since t⊥ now is coupled to the density of topologocal
charge of the SG field χ. Like in the attractive 1d Fermi system in a magnetic
field [11], a finite interband splitting will be only nonzero, if t⊥ exceeds the cor-
responding mass gap, with square-root singularities near the threshold. In such
a situation, the confinement-deconfinement transition, taking place on increasing
the amplitude t⊥, is of different nature.
7. To support the above conclusion concerning the existence of a finite band
splitting in the presence of a large mass gap, we use a relationship between the
two-chain model (2) and quantum spin-1/2 chains. Consider an aniferromagnetic
XY spin-1/2 chain in a homogeneous magnetic field in the basal plane (e.g. along
the x-axis)
H = J
N∑
n=1
(SxnS
x
n+1 + S
y
nS
y
n+1) + h
N∑
n=1
Sxn, (J > 0) (32)
and assume that |h| << J . The last condition makes it possible to consider the
continuum limit of the model (32). Using the Jordan-Wigner representation of
the spin operators and the standard bosonization procedure [20], we arrive at the
11
following field theory:
H =
vF
2
∫
dx
(
P 2(x) + (∂xφ)
2
)
+
h√
2piαa
∫
dx cos(
√
4piφ(x)) cos(
√
piφ˜) (33)
We see that Hamiltonian (33) is a special case of the model (2) corresponding to
the value K = 2 or, by duality, K = 1/2. At these particular values of K the
spin-chain model (32), with h ∼ t⊥, represents a lattice version of the two-chain
model.
Although the exact solution of the spin model (32) is unknown, we expect a
finite homogeneous magnetization along the x-axis to exist in the ground state,
which is equivalent to a finite delocalization of fermions between the chains. At
h = 0 the ground state of the XY-model is disordered due to continuous U(1)
symmetry, and the excitation spectrum is gapless. The magnetic field, breaking
U(1) down to Z2, will lead to the appearance of a finite magnetization along
the x-axis and to the opening of a gap, related to antiferromagnetic long-range
ordering of the spins along the y-direction. The spin order parameter is given
by the staggered magnetization (−1)n < Syn >, which, in the continuum limit,
reduces to < sin(
√
piφ˜(x)) > at K = 2, or < sin(
√
piφ(x)) > at K = 1/2, the
latter two averages being the order parameters of the model (6), related to the
development of the ph or pp pair coherence in the two-chain system.
A more detailed study of the correspondence between the two-chain problem
and quantum spin chains will be presented elsewhere.
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FIGURE CAPTION
Fig.1
The phase diagram on the plane (g, g
′
). g and g
′
are the in-chain and interchain
forward scattering amplitudes, respectively.
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